Abstract. In this paper we study singularities of third secant varieties of Veronese embedding v d (P n ), which corresponds to the variety of symmetric tensors of border rank at most three in (C n+1 ) ⊗d .
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Introduction
For a projective algebraic variety X ⊂ PW , the k-th secant variety σ k (X) is defined by (1.1) σ k (X) =
where x 1 · · · x k ⊂ W denotes the linear span of the points x 1 · · · x k and the overline denotes Zariski closure. Let V be an (n + 1)-dimensional complex vector space and W = S d V be the subspace of symmetric d-way tensors in V ⊗d . Equivalently, we can also think of W as the space of homogeneous polynomials of degree d in n + 1 variables. When X is the Veronese embedding v d (PV ) of rank one symmetric d-way tensors over V in PW , then σ k (X) is the variety of symmetric d-way tensors of border rank at most k (see subsection 2.1 for terminology and details). If X is an irreducible variety and σ k (X) its k-secant variety, then it is well known that (1.2) Sing(σ k (X)) ⊇ σ k−1 (X) , (e.g. see [Åd87, coro. 1.8]). Equality holds in many basic examples, like determinantal varieties defined by minors of a generic matrix, but the strict inequality also holds for some other tensors (e.g. just have a look at [MOZ12, coro. 7 .17] for the case σ 2 (X) when X is the Segre embedding PV 1 × · · · × PV r or [AOP12, figure 1, p.18] for the third secant variety of Grassmannian G(2, 6)). Therefore, it should be very interesting to compute more cases and to give a general treatment about singularities of secant varieties. Further, the knowledge of singular locus is known to be very crucial to the so-called identifiablity problem, which is to determine uniqueness of a tensor decomposition (see [COV14, thm. 4 .5]). It has recently been paid more attention in this context. In this paper, we deal with the case of third secant variety of Veronese embeddings, σ 3 (v d (PV )).
From now on, let X be the Veronese variety v d (PV ) in PS d V = P N with N = dim C S d V − 1 = n+d n − 1. One could ask the following problem:
Problem 1.1. Let V = C n+1 . Determine for which triple (k, d, n) it does hold that the singular locus
We'd like to remark here that our question is a set-theoretic one. First, it is classical that the answer to Problem 1.1 is true for the binary case (i.e. n = 1) (see e.g. [IK99, thm. 1.45]) and also for the case of quadratic forms (i.e. d = 2) (see e.g. [IK99, thm. 1.26]). In the case of k = 2, Kanev proved in [Kan99, thm. 3 .3] that this holds for any d, n. Thus, we only need to take care of the cases of k ≥ 3, d ≥ 3 and n ≥ 2. For the first case (k, d, n) = (3, 3, 2), it is also well-known that the singular locus of the Aronhold hypersurface σ 3 (v 3 (P 2 )) in P 9 is equal to σ 2 (v 3 (P 2 )) (e.g. 
Singularities of third secant of
Choose any form f ∈ S d V . We define the span of f to be f := {∂ ∈ V ∨ |∂(f ) = 0} ⊥ in V . So, f also belongs to S d f and dim f is the minimal number of variables in which we can express f as a homogeneous polynomial of degree d. Note that dim f = 1 means f ∈ v d (PV ) by definition. We often abuse f to denote the point [f ] in PS d V represented by it. We say a form f ∈ σ 3 (X) \ σ 2 (X) to be degenerate if dim f = 2 and non-degenerate otherwise. We begin this section by stating our main theorem for the cases of k = 3, d ≥ 3 and n ≥ 2.
Then, the following holds that the singular locus
as a set for all (d, n) with d ≥ 3 and n ≥ 2 unless d = 4 and n ≥ 3. In the exceptional case d = 4, for each n ≥ 3 the singular locus Sing(σ 3 (v 4 (PV ))) is D ∪ σ 2 (v 4 (PV )), where D denotes the locus of all the degenerate forms
Proof. Combine Corollary 2.10, Theorem 2.11 and 2.13.
We can sum up all the relevant results into the following table: 
Let us take bases for S k and T d−k as
for any k with 1 ≤ k ≤ d − 1, which can be represented by the following
in the bases defined above. We call this the symmetric flattening (or catalecticant) of f . It is easy to see that the transpose
Given a homogeneous polynomial f of degree d, the minimum number of linear forms l i needed to write f as a sum of d-th powers is the so-called (Waring) rank of f and denoted by rank(f ). The (Waring) border rank is this notion in the limiting sense. In other words, if there is a family {f | > 0} of polynomials with constant rank r and lim →0 f = f , then we say that f has border rank at most r. The minimum such r is called the border rank of f and denoted by rank(f ). Note that by definition σ k (v d (PV )) is the variety of homogeneous polynomials f of degree d with border rank rank(f ) ≤ k.
It is obvious that if f has (border) rank 1, then any symmetric flattening φ d−k,k (f ) has rank 1. By subadditivity of matrix rank, we also know that rank
We have the following known result for the defining equations of σ 3 (X);
is defined schemetheoretically by the 4 × 4-minors of the two symmetric flattenings
where F is the form Since there is a natural SL n+1 (C)-group action on σ 3 (X), we may take the SL n+1 (C)-orbits inside σ 3 (X) into consideration for the study of singularity. And we could also regard a canonical representative of each orbit as below.
First, suppose f ∈ σ 3 (X) \ σ 2 (X) is a degenerate form (i.e. dim f = 2). Choose x 0 , x 1 as the basis of f . Then, we recall the following lemma 
where the latter is the border rank of f being considered as a polynomial in S • U . On the other hand, we also have rank(f, U ) ≤ 3, because the symmetric flattenings φ d−1,1 (f, U ) and
(f ) respectively and therefore all their 4 × 4-minors also vanish (so, f ∈ σ 3 (v d (PU ))). Since rank(f, U ) and rank(f, U ) coincide for a general f in the rational normal curve case (see e.g. [CG01]), we have rank(f, U ) = 3. Thus, for some nonzero λ, µ ∈ C we can write f as
by some scailing and using a SL n+1 (C)-change of coordinates, which proves our assertion.
Remark 2.4. There are some remarks related to Lemma 2.3 as follows: (a) Note that there does not exist a degenerate form corresponding to an orbit in
for the φ d−1,1 (f ) have at most two nonzero rows and all the 3×3-minors of
because there exist only rank 3 forms in σ 3 (v 4 (P 1 )) \ σ 2 (v 4 (P 1 )) (see [CG01] and also [LT10, chap.4]). Now, let's put all types of canonical representatives for SL n+1 (C)-orbits together as follows:
Theorem 2.5. There are 4 types of homogeneous forms representing
0 x 2 , which correspond to all the three non-degenerate orbits and the binary type corresponding to D, the locus of all orbits represented by degenerate forms, which appears only if d ≥ 4 and can be written as 
Z ≤ codim(Z, PW ) and the equality holds if and only if Z is smooth at [p] . This conormal space is quite useful to study the tangent space of Z.
Let us recall the apolar ideal f ⊥ ⊂ T . For any given form f ∈ S d V , we call ∂ ∈ T t apolar to f if the differentiation ∂(f ) gives zero (i.e. ∂ ∈ ker φ t,d−t (f )). And we define the apolar ideal f ⊥ ⊂ T as
It is straightforward to see that f ⊥ is indeed an ideal of T . Moreover, it is well-known that the quotient ring T f := T /f ⊥ is an Artinian Gorenstein algebra with socle degree d (see e.g. [IK99] ).
In our case, we have a nice description of the conormal space in terms of this apolar ideal as follows:
where the sum is taken as a C-subspace in
We also note that
, which proves the proposition.
Remark 2.7. Note that, in case of n = 2 or dim f = 2 (i.e. degenerate form), to compute conormal spaceN ∨ f σ 3 (X) we only need to consider the symmetric flattening
For n = 2 case, φ d−1,1 (f ) has only 3 rows, there is no non-trivial 4×4-minor to give a local equation of σ 3 (X) at f . In case of dim f = 2, we may consider f ∈ C[x 0 , x 1 ] d and choose bases as (2.2). Then, we could write the matrix of φ d−1,1 and its evaluation at f , φ d−1,1 (f ) as
So, each 4 × 4-minor of φ d−1,1 (say D 4 (φ d−1,1 )) has at most rank 2 at f . Hence, we see that all the partial derivatives in the Jacobian
for each index I with |I| = d and D 4 (φ d−1,1 ) doesn't contribute to span the conormal space of σ 3 (X) at f , because at least one row of D 4 (φ d−1,1 ) (say (a I a J a K a L )) vanishes at f and the Laplace expansion of D 4 (φ d−1,1 ) along this row
guarantees all the partials of D 4 (φ d−1,1 ) become zero at f as follows: for example, we see that
where
2.2. Cases of non-degenerate orbits. For the locus of non-degenerate orbits in σ 3 (X) \ σ 2 (X), we may consider a useful reduction method through the following arguments:
Proof. When f ∈ σ 3 (v d (P n )) (i.e. border rank ≤ 3), the image of the flattening S d−1 C n+1 ∨ → C n+1 has dimension ≤ 3 and it is contained in the required 3-dimensional subspace U , i.e. dim f ≤ 3.
Recall that we denote the locus of degenerate forms in σ 3 (X) \ σ 2 (X) by D (see Theorem 2.1 for notation). Then, by Lemma 2.8, we have an obvious corollary as follows:
Proof. For those f , which correspond to three orbits in Theorem 2.5, the dimension of f is exactly 3 so that the subspace U = f is precisely determined in the claimed cases.
When d = 3, we also have an immediate corollary as follows:
Proof. By Remark 2.4 (a), there is no degenerate orbit in this case. So, it comes directly from the smoothness result on Aronhold hypersurface (i.e. n = 2 case in Figure 1 ) and using the fibration argument in the proof of Theorem 2.11 for any n ≥ 3.
Here is the theorem for non-degenerate orbits for any d ≥ 4: Theorem 2.11 (Non-degenerate locus). For every n ≥ 2 and d ≥ 4,
Proof. Let our P n = PV with V = C x 0 , x 1 , · · · , x n and its dual V ∨ = C y 0 , y 1 , · · · , y n . First, we claim that one may reduce the problem to the case of n = 2. Construct the following map
This map is well defined by Corollary 2.9 and each fiber π −1 (PU ) is isomorphic to
). So, if we prove our theorem for the case n = 2, then the fibers of π are all isomorphic and smooth. Hence π becomes a fibration over a smooth variety with smooth fibers. This shows that its domain
) is smooth, so proving our assertion.
So, from now on, let us assume d ≥ 4 and n = 2. We can consider three different cases according to Theorem 2.5.
It is well-known that this Fermat-type f 1 becomes an almost transitive SL 3 (C)-orbit, which corresponds to a general point of
. By Remark 2.7 (i.e. n = 2 case), we just need to
− 9 for proving non-singularity of f 2 .
Since the summands of f 2 separate the variables (i.e. unmixed-type), we could see that the apolar ideal f ⊥ 2 is generated as
σ 3 (X) is equal to the value of Hilbert function H(I 2 , t) at t = d. But, it is easy to see that I 2 has a minimal free resolution as
which shows the Hilbert function of I 2 can be computed as
.
This implies that dimN
− 9 for any d ≥ 4, which means that our σ 3 (X) is smooth at f 2 (see also Figure 2 ).
2 . P 1 is the lattice polytope in R 3 ≥0 consisting of exponent vectors (i, j, k) of the monomials y i 0 y k 1 y k 2 in (f ⊥ 2 ) d−s and P 2 is the one corresponding to (f ⊥ 2 ) s . P 1 + P 2 is the Minkowski sum of two polytopes whose lattice points are exactly the exponent vectors ofN ∨ 
We easily see that
Let I be the ideal generated by three quadrics Q 1 , Q 2 , Q 3 . By the same reasoning as (ii), we have
, because in this case I 2 also has the same minimal free resolution 0 → T (−6) → T (−5) 6 → T (−4) 6 → I 2 → 0. Hence, we obtain the smoothness of σ 3 (X) at f 3 (see also Figure 3 ). 
A dashed line means an equivalent relation between monomials given by the multiples of Q 1 in P 1 and P 2 and by those of − 9, the non-singularity at f 3 .
Remark 2.12. From the viewpoint of apolarity, the three cases in Theorem 2.11 can be explained geometrically as follows: if we consider the base locus of the ideal I, which is generated by the three quadrics in each apolar ideal f ⊥ i , then case (i) corresponds to three distinct points, case (ii) to one reduced point and one non-reduced of length 2, and case (iii) to one non-reduced point of length 3 (not lying on a line).
2.3. Degenerate case : binary forms. Since there is no degenerate form for d = 3 (see Remark 2.4 (a)), it is enough to consider the smoothness of the degenerate locus for d ≥ 4.
Theorem 2.13 (Degenerate locus). Let D be the locus of all the degenerate forms in Proof. Let f D be any form belong to D. For this degenerate case, by Remark 2.7, we havê 
